Analytical and numerical studies in deterministic modeling of the states of ions and atoms  by Greenspan, Donald
Journal of Computational nd Applied Mathematics 19 (1987) 207-222 207 
North-Holland 
Analytical and numerical studies 
in deterministic modeling of the states 
of ions and atoms 
Donald GREENSPAN 
Mathematics Department, University of Texas at Arlington, Arlington, TX 76019, U.S.A. 
Received 17 March 1986 
Revised 10 June 1986 
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1. Introduction 
In recent years, several semiclassical models of atoms have been developed [1-4]. The primary 
reason for this activity derives from the need for approximation techniques which are simpler 
than those of modern quantum mechanics. In semiclassical models which closely approximate 
early quantum theory, Pearson [1] replaces definite Bohr orbits by probabilty distribution 
functions based on classical dynamics, while Leopold and Percival [2] introduce both zero point 
motion through alf-integer quantum numbers and an appropriate variational functional. 
In the present paper, we will extend another [4] Bohr-type approach, one in which a classical 
analogue of electron pairing is utilized. The relative advantages of this method are that the 
resulting computations for ground and excited states are simple, economical nd highly accurate, 
and that general algebraic formulas often follow readily for excited states. Each of our 
calculations requires under one second on a relatively small, DEC-20 mainframe. A relative 
disadvantage of our approach is that it is somewhat more speculative physically than the other 
models cited. 
2. Intuition, notation, units, and forces 
For Completeness, we summarize now concepts developed previously [4] and which will be 
used extensively throughout the paper. 
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We will not think of an electron as a point source, but as a three dimensional particle [5], or a 
string, which has a unique space orientation at any time t. From this point of view, for example, 
electron-electron interaction eed not be exactly Coulombic. In a two-electron atom, we assume 
that when the electrons, PI and P2, are equidistant from the nucleus N and are diametrically 
opposite about N, then the orientation of P1 is exactly opposite to that of P2, which symbolically 
is denoted by 1' ~,. Two such electrons are said to be anti-parallel or paired. 
For notation and units, we will denote the electrons in a two-electron atom, as indicated 
above, by PI and /'2, and the nucleus by N. In cgs units, then, we have 
h = (6.6251)10 -27 erg sec, (2.1) 
m (electron) = (9.1085)10- 28 g, (2.2) 
e (electron) = - (4.8028)10-10 esu, (2.3) 
- Ze = charge of the nucleus (Z = 1, 2, 3, . . .  ), (2.4) 
r = (x, y, z), in cm (used theoretically), (2.5) 
R --- (X, Y, Z) = 1012r (used computationally), (2.6) 
where h is Planck's constant, m is the mass of the electron, and e is the charge of the electron. 
Though basic theory will be stated using distances in centimeters, as indicated in (2.5), actual 
computations will be done more conveniently in the units of (2.6), since, thereby, underflow, for 
example, will be avoided easily. Thus, the use of both r and R, the magnitudes of r and R, 
respectively, will both be used rather often, the relationship always being 
R = lORr. (2.7) 
With regard to force interactions, the force between an electron and a nucleus is always 
assumed to be Coulombic. However, the force between two electrons is allowed to deviate from 
being Coulombic when they are paired. Previously, the force F12 between electrons PI and /'2 
which are 2r cm apart and are symmetrical bout nucleus N was chosen to have magnitude F12 
given by 
F12 = e2/(2r ) 2+", (2.8) 
where a was a nondimensional parameter, called a pairing parameter, and was taken to be 
a = (0.01125) exp[ -  1.5(10-7)(R - 1850)2]. (2.9) 
In the present paper, we will replace (2.9) by a more precisely derived [6,7] formula using a least 
square fit rather than interpolation. This new formula is 
a = (0.0107) exp[ - (2.63083)(10-8)(R - 2875)2]. (2.10) 
Next, note that 
e 2 
V12 = (2.11) 
(1 + a)(2r) 1+" 
is not the exact potential related to (2.8). The reason is that a is a function of r, so that (2.8) is 
not, in general, integrable. However, for small a, formula (2.11) does approximate the exact 
potential of F12 and, indeed, converges to the exact potential as a converges to zero. 
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Finally, note that we will be concerned with systems which are bounded. Most atoms which are 
isolated and not subject o radiation are bounded [8]. For such systems, there exists a maximal 
electron radial distance which, for convenience, will be denoted by 2~. Thus, for a one-electron 
system in which P1 is the electron and N is the nucleus, ~ is given by 
= ½(max I P~N I). (2.12) 
For a two-electron system, in which P1 and/'2 are symmetrical nd diametrically opposite about 
the nucleus N, ~ is given by 
= ½(max I I) = ½(max I P2N 1). (2.13) 
The value ~ in (2.12) or (2.13) is called the (classical) average radius of each electron. Note that 
this definition of average radius is distinctly different from the quantum mechanical definition, 
which is the distance to the maximum of the associated radial distribution function. 
We assume that any point whose distance to N is 2~ is a stationary point, so that 
lim r __. 2~v -- 0, (2.14) 
where v is the velocity of a given electron. 
We note finally that the maximum distance 2~ of a given two-electron system should be 
related to the invariant ori of Leopold and Percival [2], but, at present, the precise relationship is
not clear. 
my21 ~ =-  Ze21( ~ )2, 
where, of course, v~ is the speed of/'1 at time T. 
E = ½too 2 - Ze2/ r ,  
3. One-electron systems 
We will consider first one-electron atoms and ions and will show how to rederive Bohr's 
results in a fashion which avoids many of the criticisms of his approach. In addition, the 
methodology will have important applications in later discussions. 
Consider a conservative system with one electron P1 and a nucleus N. Let N be stationary, 
located at the origin of an xy coordinate system and have charge -Ze .  Since the system is 
conservative, let us choose, out of the many orbits which P1 may have, a simple one which will 
lead directly to the total energy E. For this purpose, we let PI be located on the x-axis at some 
time T and make two assumptions: 
(i) I NP  1 I =r ,  and 
(ii) the orbit of P~ is circular. 
That these assumptions are consistent in themselves and with the definitions in Section 2 has 
been shown by Landau and Lifshitz [9]. 
Now, since the orbit of P~ is circular, the centripetal and electrostatic forces on P1 are in 
balance, so that 
(3.1) 
But, at any time t, 
where, at time t, I NP11 = r and the speed of P1 is o. However, since 2~ is an upper bound for all 
possible radial distances r, it follows from (2.14) that E can be restated as 
E -- - Ze2/2 . (3 .2 )  
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We now introduce Bohr's quantum assumption in the particular form 
mtYlt'-- nh / (2~) ,  n = 1, 2, 3 . . . . .  (3.3) 
where quantum number n defines the state of the system. Then, elimination of v 1 between (3.1) 
and (3.3) yields 
= n2h2/anr2e2mZ = (5292) lO-12n2/Z ,  (3.4) 
while (3.2) and (3.4) imply that the energy E of state n is 
E = - 2~r 2e4mZ2/n  2h 2 = _ (21.7956)10 -~2Z2/n 2, (3.5) 
which are exactly Bohr's results. 
It is of interest mathematically to observe that, in fact, a circular orbit was not necessary for 
the argument above. What is essential is the validity of (3.1), which is always valid at any 
trajectory point which is only locally circular [10], as, for example, near a point where the 
electrostatic forces are relative extrema. 
4. Ground state energy of two-electron systems 
Let us now consider approximating the ground state energies of various two-electron systems. 
In particular, we will consider He, Li ÷, B 2+, Be 3+, C 4+, N 5+, 0 6+, F 7+, Ne s+. For this purpose, 
in the spirit of Section 3, we make the following three assumptions: 
(i) In their orbital motions, P1 and P2 are always symmetrical bout N, which is stationary, 
and, at some time T, I P1NI --  [P2NI  = r ,  where r = ~.. (This simplification of notation is 
possible now because, henceforth, the only r we have to treat is ~.) 
(ii) At time T, the centripetal and electrostatic forces are in balance on each of P1 and P2. 
(iii) At time T, when r = ~, the speed v of each electron satisfies the Bohr relationship 
mvr=nh/ (2cr ) ,  n=1,2 ,3 , . . . .  (4.1) 
From assumption (i.i) and (2.8), the force balance quation on each of P1 and P2 is 
mo 2 Ze 2 e 2 
+ - -  =0,  (4.2) 
r 2 (2r) 2+" r 
or, equivalently 
(9.1085) v2r - Z(4.8028)210 s + (4"8028)2108 = 0. (4.3) 
22+,,r a
Since the present concern is with ground state, (4.1) implies 
mvr  = h / (2  ~r ), 
or, equivalently, 
(9.1085)10-2Svr- (6.6251)10-27/(2~r). 
Elimination of v between (4.3) and (4.5), and using (2.7) yields the single equation 
1012~R 1 -~ 5291.635 
R =0.  
Z(22+') Z 
(4.4) 
(4.5) 
(4.6) 
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Table 1 
Ground state energies for two-electron systems 
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A. Z B. Two-electron C. a D. Classical 
system mean value 
Energy (muir.  by  10 -12 for ergs.) 
E. Determinist ic  F. Other  
2 He 0.010683 3123.8 - 126.526 - 126.528 
3 Li + 0.010469 1964.5 - 317.0 - 318.9 
4 Be 2+ 0.010130 1432.3 - 595.4 - 593.6 
5 B 3 + 0.009874 1127.0 - 961.3 - 960.3 
6 C 4+ 0.009685 929.0 - 1414.6 - 1412.7 
7 N 5+ 0.009544 790.2 - 1955.0 - 1952.5 
8 0 6 + 0.009434 687.5 - 2582.7 - 2579.7 
9 F ~ + 0.009347 608.5 - 3297.5 - 3295.4 
10 Ne 8 + 0.009277 545.7 - 4099.5 - 4098.0 
Finally, for each Z--  2, 3, 4, . . . .  9, 10, (2.10)and (4.6) constitute two nonlinear equations in the 
two unknowns R and a, the solution of which can be found easily by Newton's method [11]. The 
results are listed in columns C and D of Table 1 and can be verified by direct substitution. The 
energy of the system is given approximately, in ergs, by 
2Ze 2 e 2 
E = m°2 r + (1 + a)2x+"r 1+' '  (4.7) 
To repeat, this is an approximation because a is not constant, so that the potential is not exact. 
We now replace r by 2r in (4.7) and set v = 0. Thus, the approximation which results is 
Ze 2 e 2 
E= - ~ +  (4.8) 
r (1 + ct*)(21+a*)(2r) 1+a*' 
where a* is determined from (2.10) with R replaced by 2R. The resulting energy estimates are 
listed in column E of Table 1 and correspond very well with the experimental estimates [12-14], 
which are listed in column F. The deviations are at most about one half of one percent and, on 
the average, about one fourth of one percent. 
5. Single excited states of two-electron systems 
Let us turn now to approximating excited state energies. In the present section several 
simplistic assumptions will be made which will lead to initial approximations, the refinement of 
which will be the subject of Sections 6 and 7. 
Consider the systems in Table 1 and assume that /)1 is in ground state and /'2 has been 
excited. (Doubly excited states will be considered in Section 7.) To determine the energy of each 
such state, assume initially a = 0. Assume also that /)1 and N form a one-electron system in 
ground state, so that, by (3.4), the average distance [P1NI is 
r=  (5292)10-X2/Z. (5.1) 
Let the average distance ]t)2 N [ be fir, where fl is a parameter to be determined. Since/'2 is at 
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r ~r 
Fig. 1. 
its average distance, we now extend the Bohr condit ion to P2 to read 
mv2flr=nh/(2~r ), n=1,2 ,3  . . . . .  (5.2) 
In an xy coordinate system, set /)1 at ( -  r, 0), P2 at (f ir ,  0), and N at the origin, as shown in 
Fig. 1. Finally, we assume that the orbit of P2, at the time shown in Fig. 1, is such that the 
centripetal and electrostatic forces on P2 are in balance. 
It follows then, with the aid of (2.7), (5.1) and (5.2) that the balance of forces on /)2 implies 
nEZ Z 1 
- - -+  =0.  (5.3) 
f13 f12 (1 + fl)2 
For  each Z and for n = 2, 3, 4 . . . . .  (5.3) can be solved easily for fl by Newton's  method. The 
total energy of each system is determined, as in previous sections, by setting P1 at ( - 2 r, 0) and 
P2 at (2fir, 0), so that v 1 = v 2 = 0. Thus for fixed n and Z, 
[ z  1] /,4, E, (Z) - -  - (21.79411)10-12Z + ~ (1 +B)  " 
The computer esults are given in Tables 2 and 3. Table 2 lists the energies of the various states, 
while Table 3 lists the values of B. 
The entries in Table 2 are probably minimal energies, rather than the most commonly  
observed energies. This should be the result of fixing P~ by (5.1) for all n, rather than letting r 
Table 2 
Computed single excited states (mult. by 10-12 for ergs) 
n Z--2 Z~3 Z=4 Z=5 Z=6 Z=7 Z=8 Z,=9 Z=IO 
2 -94.92 -223.16 -411.23 -643.18 -935.13 -1281.9 - 1682.2 -2137.1 -2647.3 
3 -90.03 -206.90 -372.24 -586.03 -848.22 -1158.9 - 1518.0 - 1925.5 -2381.0 
4 -88.67 -201.94 -361.53 -567.43 -819.66 - 1118.2 - 1463.1 -1853.6 -2291.6 
5 -88.10 -199.77 -356.79 -559.13 -806.81 -1099.8 -1438.2 - 1821.8 -2250.4 
6 -87.81 - 194.94 -354.27 -554.70 -799.93 -1090.0 -1425.2 - 1804.4 -2228.7 
Table 3 
Values of fl for single excited states 
n Z=2 Z=3 Z=4 Z- -5  Z=6 Z=7 Z- -8  Z - -9  Z=IO 
2 6.39 5.23 4.83 4.63 4.50 4.41 4.36 4.32 4.28 
3 16.17 12.61 11.41 10.81 10.45 10.21 10.04 9.91 9.81 
4 30.09 23.06 20.71 19.54 18.83 18.36 18.02 17.77 17.57 
5 48.06 36.54 32.69 30.77 29.62 28.85 28.30 27.89 27.57 
6 70.04 53.02 47.35 44.51 42.81 41.68 40.86 40.26 39.78 
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converge to (5292)10-12/Z as n goes to infinity. For example, for helium with n -- 2, the entry 
-(94.92)10 -12 in Table 2 corresponds to the known [1] experimental minimum -(94.78)10 -12 
6. An algebraic formula for single excited states of two-electron systems 
Besides the Bohr formula for states of one-electron systems and the recently developed 
formula for the excited states of helium, no algebraic formulas have been derived for the states of 
other atoms or ions, either by deterministic or by probabilistic means. Our primary aim, then, in 
this section, is to derive a single algebraic formula for the excited states of all two-electron 
systems discussed in Section 5. 
Note again that the method of Section 5 was hampered by the assumption that /'1 was fixed 
by formula (5.1) for all n. Clearly, this approximation is precise for large n, but not necessarily 
for small n. Thus, we would expect hat the tabular entries have the least error for large n. 
Suppose, then, that we try to determine a formula fl = fl(Z, n) from the data in Table 3. 
Note first that for Z - 2 and increasingly arge n, 
/3(2, n ) -  2n 2. (6.1) 
Next note that for the larger values of n in Table 3 one has 
fl( Z, n) - ( Z /2 (  Z -  1))fl(2, n). (6.2) 
From (6.1) and (6.2), then, 
f l (Z,  n )= Zn2/ (Z  - 1). (6.3) 
Substitution of (6.3) into (5.4) yields, finally, the general formula 
[ Z - I  Z -1  ] (6.4) 
En(Z) - -  -(21.79411)10-12Z Z+ ~-~ Z-  1 + Zn 2 " 
Table 4 gives the resulting excited states for Z = 2, 3 .. . . .  10 and n - 2, 3, 4, 5, 6. These compare 
well with the most often observed excited states derived by other means [12]. For example, one 
finds experimentally for helium: 
E 2 = -(93.52)10 -12, E 3 -- -(89.83)10 -12, 
E4 = -(88.62)10 -12, E5 -- -(88.08)10 -12, E6 = -(87.79)10 -12, 
which agree closely with the entries for Z--  2 in Table 4. 
Tab le  4 
Exc i ted  s ta te  energ ies  by  fo rmula  (mul t .  by  10  -12  fo r  e rgs )  
n Z - -2  Zm3 Z i4  Z=5 Z=6 Z17 Z=8 Z- -9  Z -10  
2 - 93 .23  - 219 .50  - 400 .32  - 635 .66  - 925 .50  - 1269.8  - 1668.7  - 2122.0  - 2629.8  
3 - 89 .72  - 206 .17  - 371 .06  - 584 .39  - 846 .15  - 1156.4  - 1515.0  - 1922.0  - 2377.5  
4 - 88 .58  - 201 .70  - 361 .15  - 566 .91  - 818 .98  - 1117.4  - 1462.1  - 1853.1  - 2290.4  
5 - 88 .07  - 199 .68  - 356 .63  - 558 .91  - 806 .52  - 1099.5  - 1437.8  - 1821.4  - 2250.3  
6 - 87 .79  - 198 .59  - 354 .19  - 554 .59  - 799 .79  - 1089.8  - 1424.6  - 1804.2  - 2228.6  
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7. Doubly  excited states of two-e lectron systems 
Doubly excited states of two-electron systems are of more recent physical interest than the 
states in which only one electron has been excited [15-18]. In this section we will consider such 
states. First we will consider the case in which both electrons are excited to the same level. 
Second, we will consider the case in which the electrons are excited to different levels. 
Interestingly enough, the discussion will parallel the presentations in Sections 4 -6  so closely that 
we will be able to deduce results for both cases rather easily. 
Consider first an electron arrangement in which Px and P2 are separated symmetrically by N. 
Then, as in Section 4, using (4.1) with n >/2 in place of (4.4) yields the following analogue of 
(4.6): 
1012,R 1- .  5292n 2 
R =0.  (7.1) 
Z(22+") Z 
However, for doubly excited states, R is so large that (2.10) implies that a is effectively zero [4]. 
Thus, we assume next that 
a=0,  (7.2) 
from which (7.1) simplifies to 
R 5292n 2 
R - -  =0,  n=2,3 ,4  . . . . .  (7.3) 
4Z Z 
the solution of which is 
R = 21168n2/ (az  - 1), n = 2, 3, . . . .  (7.4) 
The analogue of energy formula (4.8), by use of (7.2) and (7.4), is now 
10~2E= _ (2 .72426) (4Z-  1) 2 
n2 , n = 2, 3 , . . . ,  (7.5) 
which gives all the energy states in which both electrons are excited to the same level. In Table 5 
are recorded the resulting states for Z = 2, 3 . . . .  ,10 and n = 2, 3, 4, 5, 6. 
In Table 6 are recorded for helium only available doubly excited states in which both electrons 
are excited to the same level. In column A are the results from Table 5, in column B are available 
experimental results [15,17,19], and in column C are available quantum mechanical estimates 
[18]. Though all the entries are in general agreement, precise comparisons are not possible 
Table 5 
Double excited states--both electrons at the same level (mult. by 10-~2 for ergs) 
n Z=2 Z=3 Z- -4  Z=5 Z=6 Z=7 Z=8 Z=9 Z=10 
2 -33.37 -82.41 -153.24 -245.88 -360.28 -496.50 -654.50 -834.30 -1035.90 
3 -14.83 -36.63 -68.11 -109.27 -160.13 -220.67 -290.89 -370.80 -460.40 
4 -8.34 -20.60 -38.31 -61.47 -90.07 -124.12 - 163.63 -208.58 -258.97 
5 -5.34 -13.19 -24.52 -39.34 -57.65 -79.44 - 104.72 -133.49 - 165.74 
6 -3.71 -9.16 - 17.03 -27.32 -46.03 -55.17 -72.73 -92.71 -115.11 
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Tab le  6 
Doub ly  exc i ted  s ta teso f  he f ium- -both  e lec t rons  a t  the  same leve l  (mul t .  by  10-1 , .  fo r  e rgs )  
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n A B C 
2 - 33 .37  - 30 .2  - 31 .39  
3 - 14 .83  - 14 .6  - 14.5  
4 - 8 .34  - 8 .37  - 8 .47  
5 - 5 .34  - 5 .50  
6 - 3.71 
Tab le  7 
Doub ly  exc i ted  s ta tes  o f  he l ium- -both  e lec t rons  a t  d i f fe rent  leve ls  (mul t .  by  10-~2 fo r  e rgs )  
M N=3 N=4 N=5 N- -6  N=7 N=8 
2 - 26 .07  - 23 .73  - 22 .89  - 22 .51  - 22 .30  - 22 .17  
3 - 12 .35  - 11 .10  - 10 .55  - 10 .27  - 10.11 
4 - 7 .25  - 6 .52  - 6 .14  - 5 .93  
5 - 4 .79  - 4 .32  - 4 .06  
because the experimental results are exceptionally sparse [15] and because the experimental nd 
quantum mechanical approaches allow a variety of sublevels for each state [16]. 
Next, let us examine the case in which P1 is in state M, /'2 is in state N, and N > M >/2. 
Since the major physical interest is in helium, let us also fix Z = 2. Then, using reasoning 
analogous to that of Section 5, we have, in place of (5.1), (5.3), and (5.4), respectively, 
r = (2646)10-12M2, (7.6) 
/33 N 2 
- + 2~--~ -- 0, (7.7) 2/3 + (1 +/3)2 
(23.066887)104[ 2 1 ] 
10'2EN.M-- ~ -2 -  ~ + (1 +/3) (7.8) 
Using the methodology developed for (5.1), (5.3) and (5.4), one finds for (7.6)-(7.8) the energy 
states E2v, M recorded in Table 7 for M = 2, 3, 4, 5; N ~< 8. No experimental results are available 
for comparison. 
8. Three-electron systems 
For three-electron systems, let /1,  P2 be the ground state inner ring electrons and let P3 be the 
second ring electron. Let the nucleus N have charge -Ze  and let N, /'1, P2, /'3 be arranged as 
shown in Fig. 2, where r is the average distance of/'1 and/ '2 to N, as given in Table 1, column 
D, so that 2r is the maximum such distance. Let r 3 be the average distance of the electron/'3 to 
N. The rationale for this arrangement is that we wish to assure a maximum repulsive force on/'3, 
so that/'3 is near a turning point in its orbit. It follows then that the balance of centripetal and 
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PI (-2r, 0) [ P2(2r, 0) P3{r3, 0} 
• I I  • m 
N 
I 
Fig. 2. 
electrostatic forces on P3 leads to the equation 
mv 2 Ze  2 e 2 e 2 
-- ~ ( r3-  2r)2 (1"3 + 2r)2, (8.1) 
where v 3 is the speed of/3- Since v 3 = 0 when/'3 is at (2r 3, 0), the total energy of the system is 
Ze 2 e 2 e 2 
E--  - 2----~- 3 + 2(r3 _ r) + 2(r 3 + r) + E*,  (8.2) 
where E* is the ground state energy of the two electron system N,  Pa, Pz,  as listed in column E 
of Table 1. 
It is necessary now to extend the Bohr quantum condition (3.3) to include systems with three 
or more electrons. No laboratory experimental results are available to guide this extension. No 
physics has been developed which can guide this extension. For the present, then, we resort to 
results available from computer experimentation. These results suggest he following heuristic, 
but simple, choice, which is a perturbation of (3.3) and will apply to all systems to be discussed 
in the remainder of the paper: 
mvr  = ~ 1 - ( k - 1) 1 1 i-OOn ' 
in which k is the electron's ring number, n is the state number, M is the total number of 
electrons in the system, and Z is the charge of the nucleus. Of course, if k = 1, (8.3) reduces to 
(3.3). For any second ring electron k = 2, so that if we define A = A(Z ,  n, M)  by 
A - -1 - (1  1OzM)(1  3(70-  M)l_0~n )' 
then (8.3) can be written compactly as 
mvr  = nAh/(2'rr). 
(8.4) 
(8.5) 
For the electron P3 in Fig. 2, elimination of v between (8.1) and (8.5), and use of (2.7) yields 
ZR 3 R33 R3 5292n2A2 = 0, (8.6) 
(R , -  2R) 2 (R3+ 2R) 2 
in which, of course, R is the average two-electron radius corresponding to Z and is recorded in 
column D of Table 1. The energy formula (8.2) can be rewritten ow in the equivalent form 
1012E = (4.8028)2104 [ Z 1 1 ] 1012E . (8.7) 
- -  2R'--"~ + 2R 3 - 2R + 2R 3 + 2R + 
For each Z and n, equation (8.6) can be solved readily for R3 by Newton's method. The solution 
can then be substituted into (8.7) to yield the corresponding energy states E,. The results are 
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Table 8 
Ground and excited siates for three-electron systems 
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A. Z B. Three- C. n D. R 3 
electron 
system 
Energies-Multiply by 10-12 for ergs. 
E. Calculated F. Experimental 
3 Li 1 12491 - 325.8 - 326.0 
2 - 321.6 - 323.0 
3 -319 .1  
4 - 318.1 
4 Be + 1 7573 - 624.7 - 624.5 
2 -613 .3  -618.1  
3 - 605.4 
4 - 601.5 
5 B 2 ÷ 1 5507 - 1022.3 - 1021.3 
2 - 1001.8 - 1011.7 
3 - 986.5 
4 - 977.8 
6 C 3+ 1 4364 - 1518.2 - 1516.4 
2 - 1487.2 - 1503.5 
3 - 1463.2 
4 - 1448.2 
7 N 4÷ 1 3595 - 2112.1 - 2109.8 
2 - 2069.7 - 2093.7 
3 - 2035.8 
4 -2013.3  
8 0 5 + 1 3069 - 2804.2 - 2801.5 
2 - 2749.5 - 2782.3 
3 - 2704.8 
4 - 2673.7 
9 F 6 + 1 2678 - 3594.3 - 3591.0 
2 - 3526.5 
3 - 3470.5 
4 - 3429.9 
10 Ne 7 + 1 2376 - 4482.4 - 4480.9 
2 - 4401.0 
3 - 4333.0 
4 - 4282.1 
g iven  in  Tab le  8 fo r  Z = 3, 4 , . . . ,  10  and  n = 1, 2, 3, 4. In  co lumn D are  g iven  the  va lues  R 3, in  
co lumn E the  cor respond ing  energ ies ,  and  in  co lumn F the  ava i lab le  [12] exper imenta l  
es t imates .  
The  computer  output  fo r  L i  ind icated  c lear ly  that ,  asymptot ica l ly ,  Ra - - -5292n 2. Thus ,  fo r  
n >I 2, an  approx imate  fo rmula  fo r  the  exc i ted  s ta tes  is  
10 '2E, ,  - -  23 .066887(104)  [ 
3 1 1 
+ + 
(10584n 2) (10584n 2 -  3929 / (10584n 2 + 3929)  
- 317 .0 .  
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9. Four-electron systems 
For four-electron systems, let /1,  P2, P3, P4 be arranged as shown in Fig. 3, where PI, P2 are 
ground state, first ring electrons and P3, P4 are second ring electrons. For subsystem P1, P2, N, 
let r be the average radius listed in column D of Table 1 and let E* be the energy listed in 
column E. P1 and P2 are set at ( -2 r ,  0), (2r, 0), respectively, in order to have the maximum 
possible force on each of P3 and P4. Let the average distance of P3 and P4 to N be r 3 and 
assume that P3 and P4 are paired. Then, assuming the balance of electrostatic and centripetal 
forces on P3 yields 
mv~ _ Ze___2 2 e 2 e2 e2 (9.1) 
r3 r3 2 (r 3 - 2r) 2 (r 3 + 2r) 2 (2r3) 2+"' 
where a is given by (2.10), while the total energy E is, approximately, 
Ze 2 e 2 e 2 e 2 
E=- - -+ + - -  + +E*  (9.2) 
r3 ( ra - - r )  (r3 + r) (1 + t~*)(ar3) 1+'* 
The term a* in (9.2) is defined as in Section 4. 
Considering round state first, so that n = 1, one has from (2.7), (8.3), (9.1), and (9.2) 
R I R I 1012a ( RI-a / 
ZR3 (R3_  2R) 2 (R 3 + 2R) 2 ~ ]  - 5292A2=0, 
Z 1 1 1012a* } 
- -~+ R 3 R + R 3SrR + (l+ot*)(aR3) 1+'*. 
1012 E = (23.066887)104 
(9.3) 
+ 1012E *. (9.4) 
For Z = 4, 5, 6,..., 10, the resulting round states are listed in column E of Table 9 in the 
rows n = 1 for the systems Be, B +, C 2+, N 3÷, O 4+, F 5+, Ne 6+, and the associated average radii 
R 3 are listed in column D. The experimental energy estimates [12] are listed in column F. 
For the single excited states, consider the electron configuration shown in Fig. 4, in which/'4 
is the excited electron. In this arrangement, r is the average radius of the ground state, 
two-electron system P1, P2, N and is determined from Table 1, while r 3 is the average radius of 
P3 for the ground state three-electron system P1, P2, P3, N and is determined from Table 8 
column D. The excited electron P4 is located at (fir 3, 0), fl > 1. Since for each Z the values r 
and r 3 are known, only fl has to be determined. 
P4i-r;, 0) P1 (-~r, 0 )N  
I 
Fig. 3. 
P2(e2r. 0) P3(r~. 0) 
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Tab le  9 
Energy  states of  four-e lectron systems 
A. Z B. Four -  C. n 
e lectron 
sys tem 
D .  R 3 E. Ca lcu la ted  
ground and  
s ingly exci ted 
energies (mult .  
by  10-12 for ergs) 
F. Exper imenta l  
g round and  
s ingly exci ted 
states  (mult .  by  
10 -12 for ergs 
G. Ca lcu lated 
mul t ip le  exci ted 
states  (mult .  by  
10 -12 for ergs) 
4 Be 1 8706 
2 
3 
4 
5 
5 B + 1 6128 
2 
3 
4 
5 
6 C 2+ 1 4739 
2 
3 
4 
5 
7 N 3+ 1 3866 
2 
3 
4 
5 
8 0 4+ 1 3265 
2 
3 
4 
5 
9 F ~+ 1 2826 
2 
3 
4 
5 
10 Ne  6+ 1 2490 
2 
3 
4 
5 
-640 .3  
- 633.1 
- 628.0 
- 625.9 
- 624.9 
- 1062.0 
- 1049.0 
- 1037.3 
- 1031.0 
- 1027.5 
- 1592.5 
- 1573.0 
- 1553.4 
- 1541.5 
- 1534.1 
- 2231.7 
- 2198.0 
- 2174.6 
- 2157.3 
- 2145.3 
- 2979.9 
- 2946.5 
- 2909.0 
- 2882.1 
- 2863.4 
- 3837.3 
- 3796.3 
- 3748.8 
- 3713.3 
- 3687.6 
-4803.9  
- 4755.2 
- 4697.1 
- 4652.3 
- 4618.8 
-639 .42  
-634 .03  
-627 .10  
-1061.60  
- 1052.39 
-1041.34  
-1593.07  
- 1580.18 
- 1564.61 
-2233.87  
-2215.37  
-2197.32  
-2984.01  
-2963.85  
-2939.36  
-3843.7  
-4812.9  
- 623.7 
- 612.2 
- 606.1 
- 602.7 
- 1030.9 
- 1007.2 
- 992.7 
- 983.9 
- 1545.0 
- 1506.3 
- 1480.6 
- 1463.9 
-2166.3  
- 2110.7 
- 2071.5 
- 2044.6 
- 2895.2 
- 2821.1 
- 2766.6 
- 2727.5 
- 3731.3 
- 3638.0 
- 3566.7 
- 3513.7 
- 4676.9 
- 4562.0 
- 4472.4 
-4404.2  
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P2(2r, O) 
P3 (l-r3 , O) N • P4(~r3, O) 
I 
Fig. 4. 
P1 (-2r, O) 
Assuming that a = 0 and that the electrostatic and centripetal forces on P4 are in balance 
implies 
ZflR 3 - f13R33 - f13R3 f13R3 5292n2A 2= 0, (9.5) 
( f lRa -  2R) 2 ( f iR 3 + 2R) 2 (1 + fl)2 
which is solved easily for fl by Newton's method for each Z, n, R 3 and R. When fl has been 
determined, the corresponding energy state is given by 
[- + + 1012E = 23.066887(104 ) 
2ft.. 3" 2fiR 3 - 2R 2fiR 3 + 2R 
1 ] 
+ 2fiR3 + 2R 3 
+ 101:E *, (9.6) 
where E* is the energy of the ground state, three-electron system P1, P2, P3, N and is listed in 
column E of Table 8. The resulting single excited states are listed in column E of Table 9 for 
n>l .  
Finally, we consider multiple excited states in which both /)3 and /'4 in Fig. 3 are excited to 
the same level. In this case we assume again that a = 0. One then finds that (9.3) need be 
modified only by fixing a = 0 in the fourth term and by resetting the final term as - 5292A2n 2. 
The energy states which result are given in column G of Table 9. 
I0. Six-electron systems 
Because pairing formula (2.10) was derived originally [6,7] for the case in which two paired 
electrons were separated symmetrically by nucleus N, it cannot be applied, per se, when the 
second ring has three electrons in ground state. No reasonable arrangement of three such 
electrons would allow exactly two to be separated symmetrically by N, which is why we will not 
study five-electron systems in the present paper. However, formula (2.10) can be applied if the 
second ring has exactly four electrons in ground state, which is the reason why we turn to 
six-electron systems. However, we are forced at present o consider only ground states, since 
excitation of a single electron would leave three second ring electrons in ground state, to which 
(2.10) cannot be applied, as indicated above. 
Consider then, the six-electron system shown in Fig. 5. Let nucleus N have charge Z. Let P~, 
P2 be first ring electrons, set at (0, 2r), (0, -2 r ) ,  respectively, where r is given in column D, 
Table 1, for each Z = 6, 7, 8, 9, 10. Let P3, P4, /5, P6 be located at (0, r3), (-1"3, 0), (0, -r3), 
(r 3, 0), respectively, so that a maximum force is exerted on P3, placing it near a turning point in 
its motion. For this latter reason, we assume also that only/)3 and P5 are paired. Then, the 
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P4(-r3, 0) 
P3(0, r3) 
,PI(O, 2r) 
N P6(r3, 0) 
=P2(0,-2r) 
,P5(O,-r 3) 
Fig. 5. 
balance of coulombic and centripetal forces on P3 implies 
e 2 e 2 2(2)W2e 2 my2 = - Ze_._~ 2 + + + + 
/'3 /'22 ( r 3 -- 2r)2 ( r 3 + 2r )2 4r 2 
or, equivalently, with the aid of (2.7), (2.10) and (8.5), 
5292n2A 2 Z 1 1 (2) 1/2 
= - - - +  + + - -  
R 3 R2 (R 3 - 2R)  2 (R 3 d- 2R)  2 2R 2 
With n = 1, (10.2) is equivalent o 
(2) 1/2 ,, 
R33 )2 d- R3 -a t- T /K3  q" 
-ZR3 + (R 3 - 2R (R 3 + 2R)  2 2 2+a 
e 2 
(2r3) 2+~' 
(10.1) 
+ (10)12" (10.2) 
(2R3) 2+a" 
(1012'~) R~-~ 
+ 5292A 2 = 0. 
(10.3) 
For M = 6 and Z- -6 ,  7, 8, 9, 10, the solution of (2.10), (8.4) and (10.3) follows readily by 
Newton's method. To approximate the resulting energy for each case, we use the formula 
1012E -- (23"066887)104 / 4Z 4 10 a2= 1 
~-3  + 2(2)]-/2R3 + (1 + a)(4R3) 1+" 4R3 
k 
2 2 4 | 
+ 2R 3 -2R + 2R 3+2R + (4R 2+4R 2 ] )1. + 1012E*, 
(10.4) 
Table 10 
Ground state energies of six-electron systems 
A. Z B. Six-electron C. R 3 
system 
Energies (multiply by 10-12 for ergs) 
D. Calculated E. Experimental 
6 C 5962.2 - 1648.85 - 1650.19 
7 N + 4635.5 - 2355.01 - 2357.33 
8 0 2+ 3790,3 - 3192.69 - 3196.09 
9 F 3+ 3203.7 - 4162.28 - 4166.31 
10 Ne 4+ 2772.7 - 5264.31 - 5268.11 
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where E* is the energy of the two-electron system P1, P2, N given in Table 1. The resulting 
energies are listed in column D of Table 10. In column E are listed experimental [12] results. 
11. Summary 
We have presented a new semiclassical pproach to the modeling of atoms and ions, the major 
advantage of which is the speed in deriving highly accurate energy estimates. The wide 
applicability of the mathematical ssumptions made suggest hat a rigorous physical foundation 
may exist. Basic to the technique is the choice of an electron configuration i  which a maximum 
electrostatic force is exerted on a particular electron, thus placing it near a turning point of its 
motion. At such a turning point there results a force balance equation which, together with a 
Bohr quantum condition, leads to an energy approximation. An appropriate xtension of pairing 
formula (2.10) to the case of nonlinear alignment should allow the methodology to be applicable 
to other atoms and ions and also to molecules, and this study is in progress. 
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